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Magnetic Symmetry:          

Symmetry operation to be considered:   Time inversion/reversal: {1’|0,0,0} 
(always present in non-magnetic structures but ABSENT in magnetically ordered ones!) 
-  Does not change nuclear variables 
-  Changes sign of ALL atomic magnetic moments 

Magnetic structures only have symmetry operations where time reversal 1’  
is combined with other transformations, or is not present at all: 
{1’|t} = {1’|0,0,0} {1|t} 
 {m’| t}= {1’|0,0,0} {m|t} 
{2’|t} = {1’|0,0,0}{2|t} 
{3’+|t} = {1’|0,0,0}{3+|t}, etc.                But {1’|0,0,0} alone is never a  
    symmetry operation of a magn. struct.     

Symmetry is only detected when it does not exist! 

We do not add but SUBSTRACT symmetry operations ! 

{1’|000}  

(x,y,z,-1)  



Time inversion {1'|0 0 0} is NOT a symmetry operation of a magnetic phase 

magnetic ordering: a symmetry breaking process           

Magnetically ordered  phases: 

LaMnO3 

Pnma1'  
(x,y,z,+1)  (-x+1/2,-y,z+1/2,+1)  (-x,y+1/2,-z,+1)     (x+1/2,-y+1/2,-z+1/2,+1) 
(-x,-y,-z,+1) (x+1/2,y,-z+1/2,+1)  (x,-y+1/2,z,+1)      (-x+1/2,y+1/2,z+1/2,+1) 
(x,y,z,-1)  (-x+1/2,-y,z+1/2,-1)  (-x,y+1/2,-z,-1)     (x+1/2,-y+1/2,-z+1/2,-1) 
(-x,-y,-z,-1) (x+1/2,y,-z+1/2,-1)  (x,-y+1/2,z,-1)      (-x+1/2,y+1/2,z+1/2,-1) 

Pn'ma'  



Description of a magnetic structure in a crystallographic 
form: 

Magnetic space Group: 
 Pn'ma' 

Lattice parameters: 
5.7461 7.6637 5.5333 90.000 90.000 90.000 

Atomic positions of asymmetric unit: 
La1   0.05130 0.25000 -0.00950 
Mn1  0.00000 0.00000 0.50000 
O1    0.48490 0.25000 0.07770 
O2    0.30850 0.04080 0.72270 

Mn1   3.87 0.0 0.0 
Magnetic moments of the asymmetric unit (µB): 

   mx'  
   my'  =        
   mz' 

      x  
 R  y   + t 
      z 

(for positions: the same 
 as with Pnma) 

atom  {R,θ|t} 
for all atoms: 

(x,y,z)      x'  
     y'  =        
     z' 

(mx,my,mz) 
                     mx  
  θ det(R) R   my 
                     mz 

θ=-1 if time inversion 

Mn1 

Pn’ma’: 
1 x,y,z,+1  
2 -x,y+1/2,-z,+1 
3 -x,-y,-z,+1 
4 x,-y+1/2,z,+1 
5 x+1/2,-y+1/2,-z+1/2,-1 
6 -x+1/2,-y,z+1/2,-1 
7 -x+1/2,y+1/2,z+1/2,-1 
8 x+1/2,y,-z+1/2,-1 

LaMnO3 

Symmetry operations 
are relevant both for 
positions and moments 



Magn. Space 
Group:      
Pn'ma' 

Mn 

La 

Wyckoff positions in a magnetic structure… 

mode along x mode along y 
weak ferromagnet 

mode along z 

Output of 
MWYCKPOS  
in BCS 

(Ax ) (Fy) (Gz) 

LaMnO3 



a CIF-type file format to communicate 
magnetic structures 

These files permit the different 
alternative models to be 
analyzed, refined, shown 
graphically, transported to ab-
initio codes etc., with 
programs as ISODISTORT, 
JANA2006, STRCONVERT, 
FullProf, VESTA, Jmol, etc.  

magCIF  

(developed by the Commission on 
magnetic structures  of the IUCr)  

It includes incommensurate structures 



A “well defined· symmetry operation (in a thermodynamic system) must be 
maintained when scalar fields (temperature, pressure,…) are changed, 
except if a phase transition takes place.  

  “symmetry-forced” means :  “forced within a thermodynamic phase” 

Symmetry-dictated properties can be considered symmetry “protected” 

MAGNETIC SYMMETRY IS A “WELL DEFINED” SYMMETRY 

Other  “extended” symmetries proposed from time to time in the literature do not  
fullfill this condition! ….  

BEWARE: 



Phys. Rev. B 6, 2669 (1972)  

Phys. Rev. B 12  (1975)  

Use of magnetic space groups  
(Shubnikov groups) widely 
extended in the 60s-70s 



Abstract: 

It includes incommensurate magnetic structures… 

Representation analysis is introduced as a “superior” alternative to  
magnetic symmetry  groups, and it can also deal with incommensurate  
structures.   

(1968) 



computer programs for representation analysis soon available: 

Basireps(FullProf) from J. Rodriguez-Carvajal 

SARAh from A.S. Wills 

For many good reasons the representation approach became the most  
used method of analysis. But with a “collateral damage”: 
many magnetic structures were determined and reported  without  
identifying its magnetic symmetry not even its point-group symmetry. 



The belief that representation method was a full alternative to 
the magnetic symmetry groups is not due to Bertaut…. 

Acta Cryst. (1968) A24, 217 



What is the problem of using “only” irreps? 

magnetoelectric, magnetoelastic,  twinning, switching properties,  etc. 
are governed by the magnetic point group in relation with the parent point 
group (ferroic species) 

for instance in multiferroics: 

ii) Physical properties,  couplings are constrained by the symmetry 
of the phase: 

i)  Degrees of freedom of a magn. phase are constrained by its  
symmetry  group: this can imply stronger restrictions than the irrep   
assignment, but it can also allow secondary degrees of freedom not 
described by this irrep. 

The magnetic symmetry group of an incommensurate phase is 
a magnetic superspace group…with a well defined magnetic point group 



In simple cases (one dimen. irreps) both symmetry descriptions are equivalent 

Example: nuclear space group C222, magnetic ordering with k=0  

x 

y 

magnetic space  
group: C2’22’ 

B2 spin ordering mode  
on C222 nuclear structure: 

C2’22’ 
C2’2’2 
C222 

C22’2’ 

Representation analysis vs magnetic space groupsc 

θ

-1 

-1 

-1 

-1 

(better label for irrep: mB2) 

time reversal 

mB2  irrep == C2’22’ symmetry   
BUT Full equivalence ONLY for 1-dim irreps 

C2221'               C2’22’ 
irrep B2 



For multidim. irreps: several MSGs are possible for the same irrep 

Representation analysis vs magnetic space groups 



Structure reported in 2001, 
but authors apparently 
unaware of its multiferroic 
character 

point group  
m1’ 

point group 2/m1’ 
possible ind. strain ac 

point group mm21’ 
polar/ferroelectric along c 
multiferroic 

2-dim irrep mX1 (k=(1/2,0,0)) 

1-parameter along x 1-parameter along x 

2-parameters along x 

example: HoMnO3 

For multidim. irreps: several MSGs are possible for the same irrep 

Representation analysis vs magnetic space groups 



Pr2CuO4  
I4/mmm, k=(1/2,1/2,0) 

Cmce, k=(0,0,0) 
Gd2CuO4  

The same spin arrangement can produce different MSGs (and different  
ferroic properties) (The non magnetic atoms are also important for the 
magnetic symmetry!) 

Point group: mmm1’ Point group: m’mm’ 
(weak ferromagnetism) 



Polar magnetic symmetry of Lu2MnCoO6 due to the non-magnetic atoms:  

Py 

Polar symmetry when 
non-magnetic atoms are 
considered.  

Non-polar symmetry without 
non-magnetic atoms ! 

The polar direction is NOT along the chains! 

chains + + - - 



22 

http://www.iucr.org/books 

Daniel T. 
Litvin 

Acta Cryst. A (2008) 
Towards the systematic application of Magnetic Symmetry….  



23 

Tables of the 1651 MAGNETIC SPACE GROUPS (MSGs) D.T. Litvin 

2008 

Towards the systematic application  of Magnetic Symmetry….  



H. T. Stokes B. J. Campbell 

1.  Computer readable listings of MSGs 
(Shubnikov groups) 

2. Extension of some of the programs of the 
ISOTROPY sui te to magnet ic systems 
(combined application of irreps and magnetic 
symmetry groups) 

http://stokes.byu.edu/iso/isotropy.php 

Towards the systematic application  of Magnetic Symmetry….  



Magnetic symmetry application tools and databases in the Bilbao 
Crystallographic Server 

main developers: 
Samuel V. Gallego, Luis Elcoro, Emre S. Tasci, Mois. I. Aroyo, 
J. Manuel Perez-Mato  



Possible distorted structures/phases of BaTiO3 with k=(0,0,0) ? 

Pm-3m 

? 
BaTiO3 



Subgroups of cubic Pm-3m without multiplication of the unit cell (k=0): 

obtained with  
SUBGROUPS (Bilbao server) 



Subgroups of cubic Pm-3m without multiplication of the unit cell (k=0) 
which are possible for atomic positions at 1a,1b and 3c : 

obtained with  
SUBGROUPS (Blibao server) 



Subgroups of cubic Pm-3m without multiplication of the unit cell (k=0) 
which are possible for atomic positions at 1a,1b and 3c depending on the 
irrep of the order parameter: 

Irrep GM4-: Irrep GM5-: 

BaTiO3-T BaTiO3-O 
BaTiO3-R 

PZT 
Pb(Zr,Ti)O3 

obtained with  
SUBGROUPS (Bilbao server) 



Possible magnetic symmetries for a magnetic phase with 
propagation vector (1/2,0,0) and parent space group Pnma 

Symmetry operation {1’|1/2,0,0} is present in any case 
(magnetic cell= (2ap,bp,cp)) 

exp(i2πk.a) = -1 

obtained with  
k-SUBGROUPSMAG 

HoMnO3 

k-maximal  
symmetries 

(a maximal symmetry compatible with the k-vector is often realized) 



Structure reported in 2001, 
but authors apparently 
unaware of its multiferroic 
character 

point group  
m1’ 

point group 2/m1’ 
possible ind. strain ac 

point group mm21’ 
polar/ferroelectric along c 
multiferroic 

2-dim irrep mX1 (k=(1/2,0,0)) 

1-parameter along x 1-parameter along x 

2-parameters along x 

example: HoMnO3 

For multidim. irreps: several MSGs are possible for the same irrep 

Representation analysis vs magnetic space groupsc 



 k=(1/3,1/3,0) 
magnetic site 1b 

Ba3MnNb2O9 
Polar along c- type II multiferroic 

obtained with  
k-SUBGROUPSMAG & MAGMODELIZE 



 k1=(-1/2,0,1/2) 
 k2=(0,1/2,1/2) Parent: I4/mmm1’   

2k magnetic structure Sr2F2Fe2OS2 



 k1=(-1/2,0,1/2) 
 k2=(0,1/2,1/2) 

Sr2F2Fe2OS2 

2k magnetic structure 

k-maximal symmetry 

obtained with  
k-SUBGROUPSMAG 



 k1=(-1/2,0,1/2) 
 k2=(0,1/2,1/2) I4/mmm1’  -> Ca2/m 

2k magnetic structure 

symmetry allowed by the MSG 
but it is a different irrep! 

Zhao et al., Phys Rev B (R) (2013)  

Sr2F2Fe2OS2 



Sr2F2Fe2OS2  (MAGNDATA #2.2) 



Reflection (2, -1, 3)  

nuclear/positional reflection condition:  

P63’/m’m’c (194.268): 

P63/m’m’c (194.270): 

(2h,-h,l)   l=2n 

  Ba5Co5ClO13 

pure magnetic 

absent l odd 

Magnetic diffraction:  

absent l even 
present l odd 

(2h,-h,l) 

( spins are symmetry restricted to be along c in 
both groups) 

(magnetic sites: 2a, 4e, 4f. all (0,0,mz) 



3m 3m1’ 

0 

obtained with MTENSOR 

0 





2014 

1980 

What about incommensurate structures? 



Acta Cryst. A (2010) 

2. JANA2006 is extended to allow refinement of magnetic structures 
both commensurate and incommensurate, using magnetic space  
and superspace groups 

First fundamental steps towards the combined application of 
magnetic superspace symmetry and representation analysis in  
incommensurate magnetic structures :  



First fundamental steps towards the combined application of 
magnetic superspace symmetry and representation analysis in  
incommensurate magnetic structures :  

H. T. Stokes B. J. Campbell 

1. Extension of some of the programs of 
the ISOTROPY suite to magnetic systems 
including incommensurate structures and 
magnetic superspace groups. 

http://stokes.byu.edu/iso/isotropy.php 





Incommensurate modulated structures 

l: lattice translation of referece/basic/average structure  

Harmonic Modulation  with propagation vector k of “quantity” A of atom µ: 

rµ
0 

A(l, µ)= Aµ e-i2πk.(l+rµ)+A*µ ei2πk.(l+rµ) 



Simplest case: single-k modulated structures 

(One incommensurate propagation vector k (and its opposite -k!) : 

Basic (periodic) structure 
                   + 
 set of atomic modulation functions Aµ(x4)  

Incommensurate 
Structure = 

How do we describe a modulated structure without periodicity? 

µ= 1,…,n atoms in unit cell of basic structure

A(l, µ)= Σn Aµ,n e-i2πnk.(l+rµ)+A*µ,nei2πnk.(l+rµ) 

Aµ (x4)= Σn Aµ,n ei2πnx4+A*µ,ne-i2πnx4 

A(l, µ)= Aµ (x4=k.(l+rµ)) 

general anharmonic case 

A global shift of the modulation  
functions along x4 keeps  
the energy invariant 



SYMMETRY OF INCOMMENSURATE PHASES  

Symmetry operations in 1k incommensurate crystals: 
sym. operations: space group operations  
                                           + phase shifts of all modulations along x4 

{ {Ri| ti , τi} , {R'j|tj , τj} } magnetic superspace group: 

Incommensurate  
magnetic 
structures have 
an unambiguous 
magnetic point  
group symmetry 

magnetic point group: set of all roto-inversion and roto-
inversion+time inversion operations  {R, R'} in its magnetic  
superspace group! 

(Phase) global shift of all modulations along x4 is energy invariant! 



A	
  simple	
  general	
  but	
  very	
  important	
  “Theorem”:	
  

(1'|	
  0	
  0	
  0	
  ½	
  )	
  	
  	
  is	
  a	
  superspace	
  symmetry	
  opera@on	
  of	
  any	
  single-­‐k	
  INC	
  magne@c	
  modula@on.	
  

Consequences	
  of	
  (1'|	
  0	
  0	
  0	
  ½	
  )	
  :	
  	
   Aµ(x4+	
  ½)	
  =	
  1‘	
  Aµ (x4)	
  	
  

Mµ (x4+	
  ½)	
  =	
  -­‐	
  Mµ (x4)	
  	
  

uµ (x4+	
  ½)	
  =	
  uµ (x4)	
  	
  

modula@on	
  of	
  
magne@c	
  moments	
  

modula@on	
  of	
  
atomic	
  displac.	
  

odd-­‐harmonics	
  :	
  1k,	
  3k	
  ,5k	
  …	
  

even-­‐harmonics	
  :	
  2k,	
  4k	
  …	
  

1'	
  
@me	
  inversion	
   	
  π	
  phase	
  shiP	
  

Invariance	
  of	
  (sinusoidal)	
  
irrep	
  magne@c	
  modula@ons	
  
	
  for	
  (1'|	
  0	
  0	
  0	
  ½	
  ):	
  

x4+	
  ½	
  

1’	
  belongs	
  to	
  the	
  symmetry	
  point	
  group	
  of	
  ANY	
  single-­‐k	
  INC	
  phase	
  	
  (grey	
  point	
  group) 

Magnetic modulations 

structural modulations 



Symmetry relations between the atomic modulations 

Example: inversion in an incommensurate 1-k magnetic structure: 

(-­‐1|000,0):	
  -­‐x1	
  –x2	
  –x3	
  –x4	
  +1  

atom 1 atom 2
(-­‐1|000) 

M2(-x4) = M1(x4)  

If atom 1= atom 2: 

M1(-x4) = M1(x4)  
only cosine terms 

modulation of 
magnetic moments 

collinear α= x, y, z 

(x	
  y	
  z) (-­‐x	
  -­‐y	
  -­‐z) 

(atom 1 lies on the inversion center) 



C2/m1' 

C2/m1’(α 0 γ)00s C2/m1'(α0 γ)0ss 

irrep mB1 irrep mB2 

k=(0.32,0,0) 
BZ sym. plane B 

α-Li2IrO3 (# 1.1.41)  

Ir1(1) 

Ir1(2) 
Symmetry 
Related: 

{-1|010,0}  

C -centering 
lattice  
translations: 
spin relations 
dictated by  
propagation 
vector k 

Two Possible  Maximal Symmetries for α-Li2IrO3 : 

Ir1(1): M(x4) = (0,my,0) cos(2πx4) + (mx,0,mz) sin(2πx4) Ir1(1): M(x4) = (mx,0,mz) cos(2πx4) + (0,my,0) sin(2πx4) 

Ir1(1) 

Ir1(2) 

{-1|010,0}  
{my|010,1/2}  

Symmetry 
related: 

{my|010,0}  
imply opposite 
chiralities  

imply opposite 
chiralities  

3 parameters 

Point group: 2/m1’ 
no chiral twinning! 

It can be 
obtained with 
ISODISTORT 
or with JANA: 



Same irrep: two different 
alternative maximal MSSGs 

Representation analysis vs magnetic space groupsc 

Possible MSSGs for a given irrep are derived by ISODISTORT and 
by JANA2006 



Description of an incommensurate structure using superspace 
symmetry:  

5.5955(6), 5.5955(6), 7.4377(7) 
90, 90, 120 

x1,x2,x3,x4 ,+1 
-x2,x1-x2,x3,-x2+x4+1/3,+1 
-x1+x2,-x1,x3,-x1+x4+2/3, +1 
 x1,x2,x3,x4+1/2, -1 
-x2,x1-x2,x3,-x2+x4+5/6,-1 
 -x1+x2,-x1,x3,-x1+x4+1/6,-1 

P31'(1/3,1/3,g)ts 

1   0.333333  0.333333  0.458 

Basic unitcell:  
(not necessarily the paramgn one). 

Superspace group: 

Propagation (wave) vector: 

 Rb1 Rb 0.00000 0.00000 0.50000 
  Fe1 Fe 0.00000 0.00000 0.50000 
  Mo1 Mo 0.333333 0.666667 0.234(3) 
  Mo2 Mo -0.333333 -0.666667 -0.234(3) 
  O1 O 0.333333 0.666667 0.463(6) 
  O2 O -0.333333 -0.666667 -0.463(6) 
  O3 O 0.103(4) -0.218(3) 0.158(4) 
  O4 O -0.103(4) 0.218(3) -0.158(4) 

Asymmetric unit (positions): 
Asymmetric unit (moments): 

Fe1 0 0 0 

Asymmetric unit (moment modulations): 

Fe1  x   1    -3.9/√3                   3.9(5) 
Fe1  y   1    -3.9*2/√3                 0 

  cosine   sine 

Asymmetric unit (position modulations): ???  
They may exist! (subject to the same superspace group) 

magndata 1.1.2 RbFe(MoO4)2 

information portable through a magCIF file 



MAGNDATA 



Conclusions: 

•  Properties of magnetic phases are constrained by their magnetic  
symmetry:  a superspace group if incommensurate  

•  Whatever method one has employed to determine a magnetic 
structure, the final model should include its magnetic symmetry.  

•  Representation analysis of magnetic structures is NOT equivalent to 
the use of magnetic symmetry (i.e. to give an irrep is not equivalent to  
give the magnetic space (superspace) group of the system) 

•  The best approach: to combine both representation analysis and 
magnetic symmetry, and there are now free computer tools for that! 



(borrowed from a recent presentation of Juan Rodriguez-Carvajal (ILL) ) 

A related workshop is taking place in december : 

Magnetic symmetry groups 


