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• The diffraction pattern does not show 3D lattice 
character anymore: the translation symmetry is 
violated in a specific, regular way

• One or more additional (modulation) vectors 
must be added to the reciprocal base to index 
all diffraction spots

𝐪 = 𝐚∗ +  𝐛∗ + 𝐜∗

* * *

1 2 3h k l m m= + + + = +Q a a a q H q

Additional diff spots

Diffraction pattern of Na2CO3

Reconstructed images (precession-like view)

 ,,

 ,,

..... all rational → commensurate structure

..... at least one irrational → incommensurate structure
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Additional diffraction spots:

Modulated structures:

“Gittergeister” U.Dehlinger, Z. Kristallogr. (1927) 65 615–31.

“Satellites” G.D.Preston Proc. R. Soc. (1938) 167 526–38.  

M. Korekawa (1967) Theorie der Satellitereflexe Habilitationschrift

(München, Germany: Ludwigs-Maximilians-University).

Korekawa & Jagodzinski (1967), Schweitz.Miner.Petrogr.Mitt., 47, 269-278.

The theory of satellite reflections due to various types of modulation waves.

Composite crystals:

S. van Smallen, (1991), Phys. Rew. B, 43, 11330-11341.

E. Makovicky & B.G.Hide, (1992), Material Science Forum, 100&101, 1-100.



Diffraction pattern

4

Nelmes, Allan, Mc Mahon & Belmonte, Phys.Rev.Lett. (1999), 83, 4081-4084. 

Barium IV.

Schwarz, Grzechnik, Syassen, Loa & Hanfland, Phys.Rev.Lett. (1999), 83, 4085-

4088. Rubidium IV.

Composite character of pure metals under high pressure.

Modulated protein crystals - profilic:actin

C. E. Schutt, U. Lindberg, J. Myslik and N. Strauss, Journal of Molecular Biology , 

(1989), 209, 735-746.

J. J. Lovelace, K. Narayan, J. K. Chik, H. D. Bellamy, E. H. Snell, U. Lindberg, C. E. 

Schutt and G. E. O. Borgstahl, J. Appl. Cryst. (2004). 37, 327-330.

Special importance: magnetic materials – helical, cycloidal, skyrmion ordering of 

magnetic moments



Superspace approach

Diffraction pattern               Fourier transform → Charge (nuclear) density

3d lattice                                                                  translation symmetry in 3d space

translation symmetry in 

(3+d) dimensional space

 Description in 3+d dimensional superspace
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additional satellite spots
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• Superspace theory by P.M. De Wolff, A. Janner, T. Jansen



e=A4

A4

Superspace approach

7

• The atomic parameters are generally different from cell to cell

• It can be described in a superspace by a periodic modulation function

p(x4) is the modulated parameter or spin, and x4 is the 4th superspace coordinate and p(x4+1)= p(x4)

( ) ( ) ( ) ++=
n

nc

n

ns nxAnxAAxp 4,4,04 2cos2sin 
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Diffraction pattern               Fourier transform → Charge (nuclear) density

Artificial description in (3+d)

Projection from (3+1)d superspace                                                           3d section through 

into 3d space                                                                               (3+1)d superspace 

 

Diffraction pattern                             Real 3d                                   Modulated structure                         
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Superspace theory in solution, refinement, and interpretation of modulated structures:

• calculation of structure factors

• Fourier synthesis in (3+d) superspace

• Calculation of  geometrical characteristics (distances, angles, BVS) for modulated structures

P.M. de Wolff, Acta Cryst. (1974). A30, 777-785 - de Wolff’s sections

Substitutional modulation: Modulation of atomic position:
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Each individual atom having density: 

( ) ( ) ( )    r r r r a a a=  − − − −
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makes the following contribution to the structure factor: 

( ) ( ) ( ) ( ) 
31 2

1 2 3

11 1

1 1 2 2 3 3

0 0 0

exp 2 exp 2
NN N

n n n

F f i i n n n   
−− −

= = =

=   + + = Q Q Q r Q a a a

( ) ( )

( ) ( ) ( )( ) 

f i
N N N

i N N N

 














Q Q r
Q a

Q a

Q a

Q a

Q a

Q a

Q a a a

exp
sin

sin

sin

sin

sin

sin

exp

2

1 1 1

1 1

1

2 2

2

3 3

3

1 1 2 2 3 3














 − + − + −

… atom form factor( )f  Q

For                      principal maxima for                                                   … integers1iN  → Q a a a= + +h h h1 1 2 2 3 3

* * *

ih

a ai j ij =* 



Basic types of modulations

11

Positional modulation – longitudinal, one harmonic wave

( ) ( )0 0sin 2    = + + r n r U q r n
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Fourier transform:
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Positional modulation – longitudinal, one harmonic wave

Weak modulation
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Positional modulation – longitudinal, one harmonic wave

Strong modulation
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Occupational modulation – one harmonic wave

Contribution to the Structure factor:
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Occupational modulation – one harmonic wave

( ) ( )  ( )

( )( ) ( )( )   ( )

  

  



 

A A

Ai i

r n q r n r

q r n q r n r

, cos

exp exp

= +  + =

+  + + −  +

1 2 2

1 1 2 2 2 2

( )
( )

( ) ( ) 

( )
( )( ) ( ) ( ) 

31 2

1 2 3

31 2

1 2 3

11 1

1 1 2 2 3 3

0 0 0

11 1

1 1 2 2 3 3

0 0 0

exp 2 exp 2
2

exp 2 exp 2
2

NN N

n n n

NN N

n n n

f
F i i n n n

f
i i n n n



 





 

 

−− −

= = =

−− −

= = =

=   + + +

    + +

 

 

Q
Q Q r Q a a a

Q
Q q r Q q a a a

The contribution to the structure factor is:  

Main reflections at Q a a a= + +h h h1 1 2 2 3 3

* * *

Satellite reflections at  * * *

1 1 2 2 3 3h h h= + + Q a a a q
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Occupational modulation – one harmonic wave
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Occupational modulation – crenel function
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Occupational modulation – crenel function
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Composite structure – no mutual modulation
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Composite structure – no mutual modulation
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Composite structure – mutual modulation
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( )tR ,ˆ =S)(~)ˆ(~ rr  =S rrrr =SS ˆˆ
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Trivial symmetry operator - translation symmetry : 

Generally, these conditions are also used for space group in (3+d) dimensional space.

de Wolff construction leads to a specific simplification: superspace groups are in fact 3+d 

reducible subgroups of more general (3+d) dimensional space groups   
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Superspace symmetry operation:

IME ΓΓΓ ,, (3x3) external, (dx3) mixed and (dxd) internal blocks of the rotational 

part of the superspace symmetry operation    

IE ss , 3x1 external and (dx1) internal block of the translation part of the 

superspace symmetry operation  
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Application of superspace operation to a point  x: 

external and internal coordinates  

In the (3+1) dimensional superspace: 4 components 

IE xx ,

),,,( 4321 xxxx
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Superspace symmetry operation:

From the metric properties (unitary conditions) : 𝑀 = 𝒒𝐸 − 𝐼𝒒

From the basic symmetry as determined from main reflections  

Internal and external spaces do not mix

q and SI: New!

SI: the shift of the modulation wave in the internal space. It affects reflection conditions for the satellites

q can be split into two parts: rational and irrational: 𝒒𝒊𝐸 − 𝐼𝒒𝒊 = 0 and  𝒒𝒓𝐸 − 𝐼𝒒𝒓 = 𝑀

The rational part is made of zeros and specific  fractions 1/2, 1/3 fixed by symmetry.

→ complete separation of the external and internal case
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The equations 𝒒𝒊𝐸 − 𝐼𝒒𝒊 = 0 and  𝒒𝒓𝐸 − 𝐼𝒒𝒓 = 𝑀 can be used to find all possible modulation vectors 

compatible with a superspace symmetry operation:

Examples for (3+1)d superspace

1- Inversion center:

For                                                                 – no incommensurate modulation 

For                                                                            – all three components can have non-zero values
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( )1 0 0,0,0I   = +  = = = → =Γ q

( )1 0, 0, 0' , ,I      = −     → =Γ q
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2- Two-fold axis along b:

For                                                              – axial monoclinic case 

For                                                                  – planar monoclinic case

What about the rational part of q?
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Invariance with respect to the superspace symmetry operation:

( ) ( )( ) exp 2 . ( )F  + = − + =   
H

ΓR s H ΓR s H R ( ) ( ) ( )sHHΓH −= 2exp. FF

( ) ( ) ( ) ( )HsHHΓH FFF =−= 2exp.Laue symmetry:

The effect of superspace symmetry on the structure factor of a modulated crystal is a direct generalization of 

the effect of space groups symmetry on periodic 3d crystals.

The diffraction pattern has pure rotational symmetry according to the point group of the crystal class of the 

superspace group.
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( ) ( ) ( )sHHH −= 2expFFHΓH =. 

Reflection present only if the phase factor is 1, that is n=sH

While the point symmetry of the pattern is independent of the translational parts of  the 

symmetry operator, non zero-intrinsic parts lead to systematic extinctions of Bragg reflections:
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For (3+1) dimensional superspace groups

Originally proposed by P.M.de Wolff, T. Janssen and A. Janner, Acta Cryst. (1981). 

A37, 625-636

Later modified and included into International Tables for Crystallography, volume C.

For (3+1), (3+2) and (3+3) dimensional space groups

H.T. Stokes, B. Campbell and S. van Smaalen, Acta Cryst. A47, 45-55.  

Examples:

( ) 00,21,0 sPmna 

( ) 00,0,0 sPmna 

( ) ( )000,0,000,21,0 21  sPmna

( ) ( ) ( )000,21,00,,210,,21 21111  qqqqPmna

sI 1/2 1/3 1/4 1/6

Symbol s t q h
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IEMIIIEEEE

I

E

I

E

IM

E

sxΓxΓxsxΓx
s

s

x

x

ΓΓ

Γ
Γx ++=+=








+









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

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
=
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( ) ( ) ( ) ( ) 
IEMIIEIIEI

sxΓxΓuΓxuxuΓxu −−== −1

Two symmetry-related atoms in the unit cell: (Xe,Xi) → (Xe’, Xi’) 

The modulation function of a symmetry related atom is derived from the original one. 

For a displacement modulation:

It simplifies for (3+1)d superspace!
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where =1  and -1= ;

m: rational part of q

For the (3+1)d case (general position): 


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s

m

0R
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Modulation functions of  a symmetry related atom:

Occupational modulation:

Position modulation:

( ) ( ) ++=
n

ncns nxonxooxo 4404 2cos2sin    ( )  −−= rm.44 xoxo

( ) ( ) ++=+=
n

ncns nxnxx 44004 2cos2sin  UUrurr   ( )  −−+= rmRuRrr .404 xx
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where =1

For the (3+1)d case (special positions): 
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Modulation functions of  a symmetry related atom:

Occupational modulation:

Position modulation:

( ) ( ) ++=
n

ncns nxonxooxo 4404 2cos2sin    ( )4 4 .o x o x = − −  m r

( ) ( )4 4 4sin 2 cos2ns nc

n

x nx nx = +u U U   ( )4 4 .x x = − −  u Ru m r
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( ) 00210 sPmna 

The rational part of the modulation vector represents an additional centring. It is much more convenient 

to use the supercentred cell instead of the explicit use of the rational part of the modulation vector.

*c ( )210=q ( )00=q→

*
b

*b

*
b

Example :

  ( )  −−= rmRuu .44 xx

  ( )  −= 44 xx Ruu
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Thank you!
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